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1. INTRODUCTION 
The title refers to inequalities of the form 
1”” (I < K ; 1 y(t)l” w(t) dt) I” 
x ; / y”(t)lP w(t) dtj lip. 
HereJ=R=(-co,co)orJ=IR + = (0, co), and 1 <p < co. The function w 
is assumed to satisfy 
w(t) > 0 a.e., I+ E cx(J)~ w(t) # 0 a.e. (2) 
The purpose of this paper is to study the class of functions w for which (1) 
holds for some positive constant K and all admissible functions y. These are 
all real or complex valued functions y such that y’ is absolutely continuous 
on compact subintervals of J and the two integrals on the right of (1) are 
finite. The finiteness of the integral on the left of (1) is part of the con- 
clusion. 
Clearly, if there is a positive constant K for which (1) holds for all 
admissible functions y, then there is a smallest such constant. This we denote 
by K = K(p, J, w) to indicate its dependence on p, J, w. 
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For a given function w, inequality (I) may not hold for any positive K as 
can be seen from the following simple example: J = (0, co), tu(t) = exp(-l). 
y(t) = t. On the other hand, the validity of (1) is well known and has been 
much studied when w(t) = 1 (see 161). This leads to the question: For which 
functions w does there exist a positive number K such that (1) holds? This is 
the question we study here. We start by mentioning two known results ot 
Kwong and Zettl j 4 1. 
THEOREM 1. If w is nondecreasing, then (1) holds and 
THEOREM 2. If w(t) = t’, c > -1, and J = (a, 00). then (I) holds jbr- 
some K. 0 < K < co. and all a > 0. 
Since t’ is decreasing on (0, XI) for --I < c < 0. we see that I\’ 
nondecreasing is not a necessary condition for ( 1) to hold. 
2. THE CLASS OF WEIGHT FUNCTIONS 
DEFINITION. For 0 < K < co, 1 <p < co. let W,(K) denote the class of 
all real valued functions w satisfying (2) such that (1) holds for all functions 
~3 with JI’ absolutely continuous on compact subintervals of J for which the 
two integrals on the right of (1) are finite. In general W,,(K) depends on K. J. 
and p, but it is independent of .v. Let 
w,, = (j (W,(K): 0 < K < 00 i. (3b1 
Finding a useful characterization of the functions in W,, or in l+‘,(K) 
seems to be an exceedingly difficult problem. We establish some further 
sufficient conditions as well as a necessary one for a weight function to 
belong to W,. By a weight function we mean a real valued function 11 
satisfying conditions (2). 
THEOREM 3. The class W,,(K) is a positive cone. i.e.. (f M’, . it’! are irr 
W,,(K), then a, IV, + aZwz are in W,,(K) for an29 positive constants a,, a,. 
ProoJ It suffices to show that W,(K) is closed under addition. Assume 
that (1) holds for u’ = wi, i = 1, 2. Then 
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I y(~I +w,)<K p’2 
+ (~~l~l’w2~~l~“l’w,)~‘2~ 
< Kp12 (j IYIP (w, + w2y2 (j lY”lP (WI + w,,) l’I J J 
where we used the Schwarz inequality for sums in the last step. m 
It follows from Theorem 3 that W, is also a positive cone. This result can 
be strengthened considerably. We assume J = R ’ in 
THEOREM 4. The class W, contains all positive linear combinations of 
functions of the form 
(t + a)’ b(t) w(t), 
where c > - 1, a > 0, w is a nondecreasing weight function, and b is 
measurable with 0 ( 6, < b(t) < B < 00 for some constants b,, B and all 
t > 0. 
ProoJ: By Theorem 3 it is enough to show that (t + a)c b(t) w(t) is in 
W,. From Theorem 2 and a special case of Theorem 3 in [6] it follows that 
(t + a)c w(t) is in Wp. Thus it is sufficient o prove that w in W, implies that 
bw is in W,. To that end, let w E Wp. Then, 
(jJ,y,“bw) 2’p(B2n(jJ~yilpw) “’ 
<B21pK(jJiyiPw) ““(jJ/y”lpw) I” 
<KB”“( b;‘jJlyipbw) “D(b,ljJ~y”lph+ I” 
= K(B/b,)“* (jJ I yJp bw) I”( j, (~“1~ by) lip. 
This completes the proof of Theorem 4. 1 
Note that this proof establishes 
COROLLARY 5. LerJ=(d,m), where-cx,<d< a.IfwE W,(K), then 
bw E Wp((B/b,)2’p K) provided b is measurable and 0 < b, <b(t) < B < co 
for all t E J. 
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Theorem 2 shows that there are decreasing weight functions in W,. 
However, functions in W,, cannot ‘decrease too rapidly. Let w(t) < CC ’ t 
J = (1, oo), and take y(t) = t. Then inequality (I ) does not hold when e > p 
since the first integral on the right is finite and the second one zero while the 
integral on the left of (1) is positive. 
COROLLARY 6. If the positive weight function k does not decrease too 
rapidly in the sense that 
k(t) 
,E?%J k(t + s) 
=M<w, (4) 
then k E W,(M2’pK( p, R ‘, 1)) for 1 < p < 00. 
Proof Condition (4) implies that 
k(t) = b(t) w(t) 
for t E J, where w(t) is nondecreasing and 1 < b(t) ,< M < 00. Thus the 
conclusion of Corollary 6 follows from Corollary 5 and Theorem 1. 1 
Note that the case M = 1 of Corollary 6 is equivalent to k being 
nondecreasing and thus is contained in Theorem 1. 
Using the theory of semigroups of linear operators, a different bound for K 
can be established. 
THEOREM 7. Suppose the weight function k satisfies (4) and J = (a, a). 
where --oo < a < w. Then k E Wp(2M”P(M”P + 1)). 
Prooj Let A = d/dx be the differentiation operator on the classical 
weighted Banach space X, = Lp(J, k) with the usual norm 
Ilf IIp = (j If (xl” k(x) dx)‘;“- l<p<co. 
3 
It is well known that A is the infinitesimal generator of a (C,) semigroup 
(T(t): t > 0) given by 
Wf (x> =f (x + tX x E J, t > 0. 
We claim that 
II W>ll < M”“, t > 0. (5) 
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This follows from 
II Wfll; =j lf(t + s>lp k(s) ds= jm If(~)l~ Wu - 0du J U-tl 
Now, (5) implies that 
IMI; G 2~“P(~“P + wI, II~‘fll,* (6) 
To see this, take the semigroup extension of Taylor’s formula 121, 
T(t)f=f+ tAf + j’ (t - s) T(s) AZfds (7) 
0 
forfE Dom(A’). Taking norms in (7) and solving for IIAfll, we obtain 
llAfl/ < tP’(M”p + l)llfil + 2-‘thPp lIAZf[I. 
Minimizing the right side over t > 0 gives (6) and completes the proof of 
Theorem 7. I 
Remark. If A generates a (Co) group of isometries on a Banach space 
(X,1./), then IAf*<2]A’fIIfl holds for allfEDom(A*) by Ditzian 111. 
Now let A generate a (Co) group {T(t): -co < t < co} on (X, 11. II) satisfying 
N = suP,Er’ II W)ll < co. Then 1. / defined by 
If = w$ II WUII 
is an equivalent norm on X with respect to which (T(t): t E IF?) is a (Co) 
group of isometries. Moreover, for fE Dom(A 2), 
IIAfll’ < WI’ < 2 IAZflIfl G 2~” llA~llIlfll~ 
Thus for a = --co we can improve the conclusion of Theorem 7 to read 
k E Wp(2M”P). 
It is interesting to compare the bound K = 2M”p(h4”p + 1) of Theorem 7 
with the bound K = MZipK(p, R +, 1) of Corollary 6. Since the exact values 
of-K@, R +, 1) are known only for p = 1, 2, and co [6] a precise comparison 
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can be made only in these cases. In the other cases (1 < p < co, p # 2), the 
upper bound K(p, R ‘, 1) < 4 can be used. (See 1.5 ( for this and for an 
improved bound for certain values of p.) For p = 2, Corollary 6 gives a 
better constant K for all values of M > 1. Since. by (5 1. lim,,,? K(p. 1, ’ . 
I) = 2. Corollary 6 gives a better constant K for p near 2 and M bounded. 
Whenp- 1. K(1.V’. l)=$ 161, and so Corollary 6 gives a better constant 
for M < 3. whereas Theorem 7 yields a smaller K for M > 4. There ix 
agreement when M = 4. Since it is known 15 ( that K(p, I: . I ) is ;I 
continuous function of p, we see that for p near I, Corollary 6 gives :I 
smaller constant for “small” values of M > 1 whereas Theorem 7 yields a 
smaller value of K for M large. For a discussion of the semigroup approach 
to the study of inequality (1) and its operator-theoretic extensions see j 2 /. 
3. WEJGHT FUNCTIONS WITH ZEROS 
The results of Section 2 do not allow a weight function )t’ for which 
inequality (1) holds to have a zero at some point .Y(, without being identically 
zero to the right or left of x0. Here we consider weight functions it’ which 
have isolated zeros. It turns out that the validity of inequality ( I) in such 
cases is a rather delicate matter which depends on the relationship between 
the order of such zeros and the value of p in (I ). 
THEOREM 8. Suppose 1~’ is a weight function, i.e., satisfies (2) on 
J = (a, cr,). --a~ < a < ~0. Then M’ is in W,, [f the follolc-ing conditions are 
satisfied: There e.uist constants c,. cz such that if I is an)’ compact sub& 
terval of J and Ii, i = 1. 2, 3 denote the first, second, and third thirds oj’ I. 
respectireij,. then 
(-:-) ./, Ql‘,,M’< c,. i= 1. 3, 
(:!::i. ) j‘, 1,’ WJ’ Coofor l<p<co,p ‘i-y ‘=l. 
or ~3 ’ E L,‘(I) ifp = 1. 
(* :i- 4: ) j’, w(j’, II’ q’p)p~q~c7jl~pfor 1 <p c ~0. 
or 0, w) sup, 11’ ’ < c2 111 ifp = 1, wlhere 1 II denotes the length oj‘ I. 
Proof The proof is based on a special case of an inequality of Kwong 
and Zettl 14. Theorem 2 I which we state as a 
LEMMA. If MS -yIp ELI(I) 1 <p<co, or ~YHS ‘EL’(l)forp= I. 
then 
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for all admissible functions y, where 
R=Z”-~~w(J-y7”)l’s if 1 <p<oo, 
A= 
(1 1 
w supw-’ if p=l, 
B = 22ip-l) ,i,-p/I w/(ip3 I,, w). 
I 
Returning to the proof of Theorem 8, let J = U E r 6, where 4 has length 
L and the interiors of the &‘s are disjoint. Using hypotheses (*) and (***) in 
(8) we get 
I 
I y’ IP w < Cl 22@-” L-p 
.I 
@‘wtc22p-rLPj’ Jy”lPW. 
.I 
Minimizing the right side of this inequality over all L > 0 gives 
I 
J I yqp w < 2(c,22’P-l) c,2p-’ “2 > (i,lYl~~~~lY~~l~~)‘I’. 
This completes the proof of Theorem 8. 1 
As we shall see, the condition I, w-q1p < 03 restricts the type of zeros a 
smooth function w can have. For instance, if 
w(x) = c(x - xoy 
i 
h 
w-4lP = c 1 .I 0 t- 
qrip dt, 
I 
which is finite if and only if -qr/p > 1, which is equivalent to p > r + 1. 
THEOREM 9. Let J= (a, CD), --00 < a < CD. Suppose w has an isolated 
zero at x0 of (exact) order r and is C’ in a neighborhood of x0. Then (1) 
does not hold, that is, w 64 W, for 1 <p < r t 1. On the other hand, there 
exist weight functions w having an isolated zero at x, of (exact) order r such 
that (1) holds, i.e., w is in Wp, for r-t 1 (p. 
Proof For the first assertion it is enough to construct a sequence of 
functions { y,} such that Q( y,) + co as n + co, where 
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We may assume without loss of generality that J = (0, CD). Let 
Y,(X) = x0 - x3 if O<x<x, - l/n, 
= n’(x - x0)3 + 24x - x0)$ if x0- l/n<x<x,, 
= 0, if x, <x. 
Note that y,(xo) = 0, y,(x, - l/n) = l/n, and 
Y;(x) = - 1, if O<x<x,- l/n, 
= 3n*(x -x0)’ + 4n(x -x0), if x0 - IIn < x < x0, 
= 0, if x,<x; 
Y;(x) = 0, if 0 <x < x0 - l/n, 
= 6n2(x - x0) + 4n, if x0- l/n<x<x,, 
= 0, if x0 < x. 
Also we have, 
I, / ,1$(x)1’ w(x) dx > I;‘- ‘ln w(x) dx > 2 ’ 17’1 w(x) dx = K, > 0 
for n large enough. Moreover, again for large n, 
< 
i 
x0-“” lx-xolp w(x)dx+J:yi.n (2n-‘)p w(x)dx 
0 0 
<ix” tpw(xo-t)dt+ 1 <jXntpw(xo-t)dt+ 1 
d 1/n 0 
=K,>O, 
=r” [6n*(x-xo)+4nlP w(x)dx 
x0- l/n 
[6pn2p(x-xo(p+4pnp] w(x)dx=u(n,p). 
To complete the proof it suffices to show u(n, p) -+ 0 as n --t 00. Since w has 
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a zero of order r at x0 and is C’ in a neighborhood of x0, it follows from 
Taylor’s theorem that 
w(x) = (x - XJ 
r ! 
WytJ < c Jx - xoir 
for x0- l/n<x<x,. Thus 
(651~ /x -xolp + 4W}(x -xolp dx 
I 
I/n 
zz 2P’-‘C (6 pn2ptpfr + 4PnPt’) dt 
0 
= 2P-‘C{6PnP-‘-1/(p + r + 1) + 4~np-~-‘/(r + I)/ -, 0 
asn+coifp<r+l. 
To prove the final assertion of Theorem 9, let 
w(x) = 1, if x<x,- 1, 
= Ix -xoir, if x0-l<x<x,,+l, 
= 1, if x>x,+ 1. 
Then w satisfies Theorem 8 (*), and the rest of the hypotheses are also 
satisfied when p > r + 1 as can be seen from a direct computation. I 
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